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a b s t r a c t
A numerical scheme is presented for the solution of the compressible Euler equations in
both cylindrical and spherical coordinates. The unstructured grid solver is based on amixed
finite volume/finite element approach. Equivalence conditions linking the node-centered
finite volume and the linear Lagrangian finite element scheme over unstructured grids are
reported and used to devise a common framework for solving the discrete Euler equations
in both the cylindrical and the spherical reference systems. Numerical simulations are
presented for the explosion and implosion problems with spherical symmetry, which are
solved in both the axial–radial cylindrical coordinates and the radial–azimuthal spherical
coordinates. Numerical results are found to be in good agreement with one-dimensional
simulations over a fine mesh.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
Diverse compressible flow fields of both industrial and academic interest exhibit relevant cylindrical or spherical
symmetries, as is the case for example for astrophysical flows, nozzle flows, inertial confinement fusion (ICF) applications,
sonoluminescence studies and nuclear explosions [1].
The numerical solution of the flow equations in these cases can be greatly simplified by expressing both the governing
equations and the initial/boundary data within either a cylindrical or a spherical coordinate system. Indeed, it is often
possible to reduce the three-dimensional problem to a simpler two-dimensional or even one-dimensional one, as is the
case for example for cylindrically or spherically symmetric explosions. In the fifties, Goldstine and von Neumann [2] and
Brode [3] used an artificial viscosity approach to solve the one-dimensional Euler equations in spherical coordinates for the
explosion problem. Payne [4] used instead a finite difference approximation. In the seventies, Sod [5] applied for the first
time a solution technique based on Riemann solvers. In 1999, Liu and collaborators [6] used the total variation diminishing
(TVD) technique of Harten [7], in which the numerical scheme is obtained as a suitable combination of a high order scheme
with a low order one to be used close to flow discontinuities.
For multidimensional problems, such as for example axisymmetric problems in which the solution is independent from
the azimuthal coordinate in a cylindrical reference system, additional difficulties arise due to the singularity of the cylindrical
coordinates. In this case, it is standard practice to either approximate the singular terms with ad hoc procedures [8–10] or
resort to complex geometrical calculations of the control volume centroids [11].
In the present paper, a mixed finite volume (FV)/finite element (FE) approach [12] is used to derive a numerical scheme
capable of solving the Euler equations for a compressible fluid in both cylindrical and spherical coordinate systems.
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The combined use of the finite volume and finite element techniques is made possible by the introduction of equivalence
conditions that relate the FV metrics, i.e. cell volumes and integrated normals, to suitably defined FE integrals. Equivalence
conditions relating FV and FE schemes have been derived for Cartesian coordinates in two and three spatial dimensions
[13,14] and for cylindrical coordinates in axially symmetric two-dimensional problems [15]. In both cited references, equiv-
alence conditions are obtained by neglecting higher order FE contributions. Subsequently in [16], equivalence conditions for
the cylindrical coordinates have been derived for the first time without introducing any approximation into the FE discrete
expression for the divergence operator. In [17,18], the spherical coordinate system is also considered and equivalence con-
ditions are derived in this case. In [19] the differences between the consistent scheme and an alternative one violating the
equivalence conditions have been quantified for the case of one-dimensional problems in cylindrical and spherical coordi-
nates. An advantage of the proposed hybrid approach lies in the automatic treatment of the singularities of each reference
system, namely, the axis and the origin in the cylindrical and spherical reference systems, respectively.
In the present paper the consistent formulation is presented in a unifying framework for both the cylindrical and spherical
reference systems. Numerical results for the implosion and the explosion problem are also provided to demonstrate the
correctness of the proposed approach and to compare the two formulations. In Sections 2 and 3 the spatial discretizations
of the scalar equation using FE and FV approaches are presented, in cylindrical and spherical coordinates, respectively,
for a model scalar conservation law. Conditions for equivalence between FE and FV metrics are also shown. In Section 5,
numerical simulations are presented for the implosion and the explosion problem in cylindrical coordinates on the R–θ
and Z–R (axisymmetric) planes and in the spherical coordinates on the r–φ plane. Numerical results are also compared to
one-dimensional simulations. In Section 6 final remarks and comments are given.
2. The node-pair finite volume/element scheme in cylindrical coordinates
The node-pair finite volume/element scheme in cylindrical coordinates is now derived for a scalar conservation law. In
the three-dimensional cylindrical reference system the model equation reads
∂u
∂t
+ ∂ fZ
∂Z
+ 1
R
∂
∂R
(RfR)+ 1R
∂ fθ
∂θ
= 0, (1)
where t is the time, Z, R and θ are the axial, radial and azimuthal coordinates, respectively, u = u(Z, R, θ, t) is the scalar
unknown and f ∅(u) = (fZ , fR, fθ ) is the so-called flux function. A more compact form of the above equation is obtained by
introducing the divergence operator in three-dimensional cylindrical coordinates∇∅·(·) as follows:
∂(u)
∂t
+∇∅· f ∅(u) = 0. (2)
2.1. Node-pair finite element discretization
The scalar conservation law (2) is nowwritten in aweak formbymultiplying it by the radial coordinate R and by a suitable
Lagrangian test function φi ∈ Vh ⊂ H1(Ω). Integrating over the supportΩi of ϕi gives
Ωi
Rϕi
∂u
∂t
dΩ∅ +

Ωi
Rϕi∇∅· f ∅(u) dΩ∅ = 0, ∀i ∈ N , (3)
where N is the set of all nodes of the triangulation. Note that on multiplying by R, the numerical singularity of the
cylindrical reference system is formally removed [15]. In the following, to simplify the notation, the infinitesimal volume
dΩ = R dR dθ dZ is not indicated in the integrals. Integrating by parts immediately gives
Ωi
Rϕi
∂u
∂t
dΩ∅ =

Ωi
Rf ∅ ·∇∅ϕi dΩ∅ +

Ωi
ϕif ∅ ·∇∅R dΩ∅ −

∂Ω∂i
Rϕif ∅ ·n∅i d∂Ω∅ (4)
where ∂Ω∂i = ∂Ωi ∩ ∂Ω , with ∂Ωi and ∂Ω the boundary of Ωi and that of the computational domain Ω , respectively,
and where n∅i = nZ Zˆ + nRRˆ + nθ θˆ is the outward versor normal to Ωi. The scalar unknown is now interpolated as
u(Z, R, θ, t) ≃ uh(Z, R, θ, t) =k∈N uk(t)ϕk(Z, R, θ), to obtain the Bubnov–Galerkin approximation of (1), namely
k∈Ni
duk
dt
M∅ik =

Ωi
Rf ∅(uh) ·∇∅ϕi dΩ∅ +

Ωi
ϕif ∅(uh) ·∇∅R dΩ∅ −

∂Ω∂i
Rϕif ∅(uh) ·n∅ d∂Ω∅, (5)
whereNi is the set of shape functions ϕk whose supportΩk overlapsΩi of ϕi and where
M∅ik
def=

Ωik
Rϕiϕk dΩ∅,
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withΩik = Ωi∩Ωk. By resorting to the so-called flux interpolation technique [20], the flux function f ⊙(uh) is now expanded
using the same shape function ϕh ∈ Vh as follows: f ∅

uh
 =≃k∈N f ∅k (t)ϕk(Z, R, θ), where f ∅k (t) = f ∅(uk(t)), to obtain
k∈Ni
M∅ik
duk
dt
=

k∈Ni
f ∅k (t) ·

Ωik
Rϕk∇∅ϕi dΩ∅ +

Ωik
ϕiϕk∇∅R dΩ∅

−

k∈N ∂i
f ∅k (t) ·

∂Ω∂ik
Rϕiϕkn∅i d∂Ω
∅,
where ∂Ω∂ik = ∂Ωi ∩ ∂Ωk ∩ ∂Ω andN ∂i is the set of all boundary nodes ofΩi. The node-pair representation of (5) is finally
found to be [16,17]
L∅i
dui
dt
= −

k∈Ni,≠

f ∅k + f ∅i
2
·η∅ik −
f ∅k − f ∅i
2
·ζ∅ik

+ f ∅i ·L∅i − 
k∈N ∂i,≠
f ∅k − f ∅i
2
·χ∅ik − f ∅i ·ξ∅i , (6)
whereNi,≠ = Ni \ {i} andN ∂i,≠ = N ∂i \ {i}, and the following FE metric quantities have been introduced:
L∅i
def=

Ωi
Rϕi dΩ∅, ζ∅ik
def=

Ωik
ϕiϕkRˆ dΩ∅, L∅i def= 
Ωi
ϕiRˆ dΩ∅,
η∅ik
def=

Ωik
R(ϕi∇∅ϕk − ϕk∇∅ϕi) dΩ∅, χ∅ik def=

∂Ω∂ik
Rϕiϕkn∅ d∂Ω∅, ξ∅i
def=

∂Ω∂ik
Rϕin∅ d∂Ω∅.
As is standard practice, in Eq. (6) the time derivative term is further approximated by introducing the so-calledmass lumping
technique, namely,
k∈Ni
M∅ik
duk
dt
≃ L∅i
dui
dt
.
2.2. Edge-based finite volume discretization
The spatially discrete form of the scalar conservation law (2) is now obtained according to the node-centered finite
volume approach [21]. To this end, the integral form of (2) times the radial coordinate R is enforced over a finite number
of non-overlapping finite volumes Ci, with boundary ∂Ci. Over each control volume Ci the cell-averaged unknown is
introduced as follows:
u(Z, R, θ, t) ≃ ui(t) = 1Vi

Ci
u(Z, R, θ, t) dC∅,
where Vi is the volume of the ith cell. Splitting the boundary integral into interface and edge contributions we obtain
V∅i
dui
dt
= −

k∈Ni,≠

∂Cik
Rf ∅ ·n∅i d∂C∅i −

∂C∂i
Rf ∅ ·n∅i d∂C∅i +

Ci
f ∅ · Rˆ dC∅, (7)
whereNi,≠ is the set of the finite volumeCk sharing a boundarywithCi, excludingCi andwhere ∂Cik = ∂Ci∩∂Ck ≠ ∅, k ≠ i,
is the so-called cell interface. As is standard practice, the flux vector is assumed to be constant over each cell interface. Under
this assumption, the domain and boundary contributions read
∂Cik
Rf ∅ ·n∅i d∂C∅i ≃ f ∅ik ·

∂Cik
Rn∅i d∂C
∅
i = f ∅ik ·ν∅ik with ν∅ik def=

∂Cik
Rn∅i d∂C
∅
i and
∂C∂i
Rf ∅ ·n∅i d∂C∅i ≃ f ∅i ·

∂C∂i
Rn∅i d∂C
∅
i = f ∅i ·ν∅i with ν∅i def=

∂C∂i
Rn∅i d∂C
∅
i ,
respectively. If a second-order centered approximation of the fluxes is considered, namely, f ∅ik = (f ∅i + f ∅k )/2, the final form
of the finite volume approximation of (2) reads
V∅i
dui
dt
= −

k∈Ni,≠
f ∅i + f ∅k
2
·ν∅ik + f ∅i ·V∅i − f ∅i ·ν∅i withV∅i def= 
Ci
Rˆ dC∅, (8)
to be compared with the corresponding FE discretization (6).
2.3. Finite element/volume equivalence
The equivalence conditions relating the above FV metric quantities and the FE ones defined in the previous section are
now derived. To this end, relevant properties of the FE and FV discretizations are briefly recalled.
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Considering FE metric quantities first, from its definition the vector η∅ik is asymmetric, namely, η
∅
ik = −η∅ki which will be
referred to in the following as property FEM-a. Property FEM-b is obtained by noting that

k∈Ni

η∅ik − ζ∅ik
+ ξ∅i = 0which
gives immediatelyL∅i = 
k∈Ni,≠
η∅ik + ξ∅i . (9)
Property FEM-c stems from the following identity:
3L∅i =

Ωi
Rϕi∇∅·x∅ dΩ∅ =

∂Ω∂i
Rϕix∅ ·n∅i d∂Ω∅ −

Ωi
ϕix∅ · Rˆ dΩ∅ −

Ωi
Rx∅ ·∇∅ϕi dΩ∅, (10)
where x∅ is the position vector, x∅ = Z Zˆ+RRˆ(θ). By substituting the exact expansion x∅ =k∈Ni x∅k ϕk, and by substituting
property FEM-b in the above identity, one finally obtains property FEM-c as
3L∅i =

k∈Ni,≠

x∅k + x∅i
2
·η∅ik −
x∅k − x∅i
2
·ζ∅ik

+

k∈N ∂i,≠
x∅k − x∅i
2
·χ∅ik. (11)
Considering now FV metric quantities, from the fact that n∅i = −n∅k over ∂Cik, property FVM-a reads ν∅ik = −ν∅ki, which
corresponds to the conservation property of the scheme. From the Gauss theorem, one also has the following identity:
Ci
∇∅R dC∅ =

∂Ci
Rn∅i d∂C
∅
i ,
which, from the definition of FV metric quantities, immediately gives property FVM-b asV∅i = 
k∈Ni,≠
ν∅ik + ν∅i . (12)
Property FVM-c is obtained by noting that
3V∅i =

Ci
R∇∅·x∅ dC∅ =

∂Ci
Rx∅ ·n∅i d∂C∅i −

Ci
Rˆ ·x∅ dC∅. (13)
The right hand side of (13) is now computed by means of the FV discretization described in Section 2.2 to obtain property
FVM-b as
3V∅i =

k∈Ni,≠
x∅k + x∅i
2
·ν∅ik. (14)
By using the FEM and FVM properties recalled above, a FV approximation can be formally obtained from FE metric
quantities defined over the same grid points by setting (see properties FEM/FVM-a and -b)
ν∅ik = η∅ik, ν∅i = ξ∅i , V∅i =L∅i .
By subtracting Eqs. (11)–(14), one finally has
V∅i = L∅i +

k∈Ni,≠
x∅k − x∅i
6
·ζ∅ik −

k∈N ∂i,≠
x∅k − x∅i
6
·χ∅ik. (15)
It is remarkable that, in contrast to the Cartesian case [13,14], in the cylindrical reference system the FV cell is not coincident
with the FE lumpedmass matrix. Moreover, the shape of the FV cells that guarantees equivalence with FE discretization still
remains to be determined.
3. The node-pair finite volume/element scheme in spherical coordinates
3.1. Node-pair finite element discretization
In the present section the spatial discretization of the conservation law in a spherical reference system is presented. The
model equation in a three-dimensional spherical reference system reads
∂u
∂t
+ 1
r2
∂
∂r
(r2fr)+ 1r sin θ
∂
∂θ
(sin θ fθ )+ 1r sin θ
∂ fφ
∂φ
= 0,
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where r, θ and φ are the radial, polar and azimuthal coordinates, respectively, u = u(r, θ, φ, t) is the scalar unknown and
f ⊙(u) = (fr , fθ , fφ) is the flux function. In a compact form, using the divergence operator in three-dimensional spherical
coordinates∇⊙·(·), it can be rearranged as
∂(u)
∂t
+∇⊙·f ⊙(u) = 0. (16)
The scalar conservation law (16) is multiplied by the quantity r sin θ to formally remove the singularity of the spherical
coordinate system along the zenith direction. The FE node-pair discretization is obtained as in the cylindrical case [17,18],
namely,
L⊙i
dui
dt
= −

k∈Ni,≠

f ⊙k + f ⊙i
2
·η⊙ik −
f ⊙k − f ⊙i
2
·ζ⊙ik

+ f ⊙i ·L⊙i − 
k∈N ∂i,≠
f ⊙k − f ⊙i
2
·χ⊙ik − f ⊙i ·ξ⊙i , (17)
where the following metric quantities have been introduced:
L⊙i
def=

Ωi
r sin θϕi dΩ⊙, ζ⊙ik
def=

Ωik
ϕiϕk∇⊙(r sin θ) dΩ⊙, L⊙i def= 
Ωi
ϕi∇⊙(r sin θ) dΩ⊙,
η⊙ik
def=

Ωik
r sin θ(ϕi∇⊙ϕk − ϕk∇⊙ϕi) dΩ⊙, χ⊙ik def=

∂Ω∂ik
r sin θϕiϕkn⊙ d∂Ω⊙,
ξ⊙i
def=

∂Ω∂ik
r sin θϕin⊙ d∂Ω⊙.
3.2. Edge-based finite volume discretization
The FV spatially discrete form of the scalar conservation law (16) multiplied by the quantity r sin θ reads
V⊙i
dui
dt
= −

k∈Ni,≠
f ⊙i + f ⊙k
2
·ν⊙ik + f ⊙i ·V⊙i − f ⊙i ·ν⊙i (18)
whereV⊙i def= 
∂C∂i
∇⊙(r sin θ) d∂C⊙i , ν⊙ik def=

∂Cik
r sin θn⊙i d∂C
⊙
i and ν
⊙
i
def=

∂C∂i
r sin θn⊙i d∂C
⊙
i .
3.3. Finite element/volume equivalence
The equivalence conditions relating the FV and FE scheme are now reported as for the cylindrical case. The following
properties are obtained for the FE metric quantities:
(FEM-a) η⊙ik = −η⊙ki (19)
(FEM-b) L⊙i = 
k∈Ni,≠
η⊙ik + ξ⊙i
(FEM-c) 3L⊙i =

∂Ω∂i
r sin θϕix⊙ ·n⊙i d∂Ω⊙ −

Ωi
ϕix⊙ · rˆ dΩ⊙ −

Ωi
r sin θx⊙ ·∇⊙ϕi dΩ⊙
and for the FV metric quantities:
(FVM-a) n⊙i = −n⊙k (20)
(FVM-b) V⊙i = 
k∈Ni,≠
ν⊙ik + ν⊙i
(FVM-c) 3V⊙i =

k∈Ni,≠
x⊙i + x⊙k
2
·ν⊙ik .
Therefore, a FV approximation can be formally obtained from FE metric quantities defined over the same grid points by
setting (see properties FEM/FVM-a and -b)
ν⊙ik = η⊙ik , ν⊙i = ξ⊙i , V⊙i =L⊙i .
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By subtracting (FEM-c) to (FVM-c), one finally has
V⊙i = L⊙i +

k∈Ni,≠
x⊙k − x⊙i
6
·ζ⊙ik −

k∈N ∂i,≠
x⊙k − x⊙i
6
·χ⊙ik , (21)
where, like in the cylindrical case, themass lumping approximation has been introduced. It is remarkable that the volume of
the FV cell is not coincident with the value of the FE lumped mass matrix and that the shape of the FV cells that guarantees
equivalence with FE discretization still remains undetermined.
4. The fully discrete form of the Euler equations in cylindrical and spherical coordinates
The Euler equations in cylindrical and spherical coordinates for compressible inviscid flows are now briefly recalled. The
differential form reads
∂u∅
∂t
+∇∅· f∅ = 1
R
s∅ and
∂u⊙
∂t
+∇⊙·f⊙ = 1
r sin θ
s⊙,
respectively, where u∅(Z, R, θ, t) = (ρ,m∅, Et)T and u⊙(r, θ, φ, t) = (ρ,m⊙, Et)T, with ρ the density, m∅ = (mZ ,
mR,mθ )T,m⊙ = (mr ,mθ ,mφ)T the momentum and Et the total energy per unit volume. The flux functions and the source
terms are defined as
f∅ =

mZ mR mθ
m2Z
ρ
+Π mRmZ
ρ
mθmZ
ρ
mZmR
ρ
m2R
ρ
+Π mθmR
ρ
mZmθ
ρ
mRmθ
ρ
m2θ
ρ
+Π
mZ
ρ

Et +Π mR
ρ

Et +Π mθ
ρ

Et +Π

, s∅ =

0
0
m2θ
ρ
+Π
mθmR
ρ
0

,
for the cylindrical case and as
f⊙(u⊙) =

mr mθ mφ
m2r
ρ
+Π mθmr
ρ
mφmr
ρ
mrmθ
ρ
m2θ
ρ
+Π mφmθ
ρ
mrmφ
ρ
mθmφ
ρ
m2φ
ρ
+Π
mr
ρ

Et +Π mθ
ρ

Et +Π mφ
ρ

Et +Π

, s˘⊙(u⊙) =

0
m2θ
ρ
+Π

+

m2φ
ρ
+Π

−mθmr
ρ
−mφmr
ρ
0

,
s¯⊙(u⊙) =

0
0
m2φ
ρ
+Π
−mφmθ
ρ
0

,
for the spherical one, with s⊙(u⊙) = s˘⊙ sin θ + s¯⊙ cos θ and whereΠ is the pressure function in terms of the conservative
variables.
The finite volume/element scheme in node-pair formulation can be recast in the following general form:
Vi
dui
dt
= −

k∈Ni,≠
Fik(ui, uk)−Bi(ui)+ Si(ui), (22)
which is valid for the Cartesian, cylindrical and spherical reference systems. For the cylindrical reference system, the
consistent integrated numerical flux Fik, boundary integrated fluxBi and source term Si read
V∅i = L∅i +

k∈Ni,≠
x∅k − x∅i
6
·ζ∅ik −

k∈N ∂i,≠
x∅k − x∅i
6
·χ∅ik, F ∅ik =
f∅k + f∅i
2
·η∅ik, B∅i = f∅i ·ξ∅i , S∅i = Lis∅i ,
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a b
Fig. 1. Position of the converging shock as a function of the time for the one-dimensional simulation and for the analytical solution of Guderley:
(a) cylindrical problem; (b) spherical problem.
where s∅i
def= s∅(u∅i ). In the spherical case, one has
V⊙i = L⊙i +

k∈Ni,≠
x⊙k − x⊙i
6
·ζ⊙ik −

k∈N ∂i,≠
x⊙k − x⊙i
6
·χ⊙ik , F ⊙ik =
f⊙i + f⊙k
2
·η⊙ik , B⊙i = f⊙i ·ξ⊙i ,
S⊙i = f⊙i ·L⊙i + s˘⊙i Lˆi + s¯⊙i Lˇi,
with s˘⊙i
def= s˘⊙(u⊙i ), s¯⊙i def= s¯⊙(u⊙i ). In the computations, the centered approximation for the integrated flux Fik is replaced
by its TVD counterpart
Fik = 12

(fi + fk)ηr jik + (Ψik − 1)|Aˆik|(uk − ui)

(23)
to avoid introducing spurious oscillations close to discontinuities [7]. In definition (23), Aˆik is the Roe matrix [22,21] andΨik
is the van Leer limiter [23].
The fully discrete form of the Euler equations is finally obtained by approximating the time derivative term with an
implicit two-step second-order backward differentiation formula (BDF) as follows:
Vi
1tn
2
l=−1
a−lun−li = Rn+1i , (24)
where a−1 = β21+β , a0 = −(1 + β), a1 = 1+2β1+β , with β = 1t
n
1tn−1 and where the superscript n indicates discrete time levels
and1tn = tn+1 − tn is the time step. In the above expression, the residualRi is defined as RCi = −k∈Ni,≠ Fik (ui, uk) −
Bi(ui) + Si(ui). To preserve second-order accuracy, the computation of the first time step is carried out using a third-
order Runge–Kutta explicit scheme. The solution of the implicit non-linear system (24) is obtained by means of a modified
Newton–Raphson scheme, in which a dual time step integration technique is implemented [24,25]; the resulting non-linear
system is solved by means of the SPARSEKIT software [26].
5. Numerical results
In the present section, numerical results for converging and diverging shock waves are presented for both the cylindrical
and spherical cases. In all simulations the ideal gas model for the nitrogen (γ = cp/cv = 1.39) is used.
The first problemconsidered is a one-dimensional simulation of converging shocks in cylindrical and spherical symmetry.
These are special Riemann problems in cylindrical and spherical coordinates for which Guderley [27] has shown that the
position of the converging shock has a similar solution as follows:
R
Rc
= A±

1− t
tc
α
,
where R = R(t) is the position of the shock as a function of the time t, Rc is the position of the discontinuity at the initial time
and tc is the time value at which the discontinuity reaches the origin of the domain. The rational number α is the exponent
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Fig. 2. Example grid for the explosion and implosion problems. The grid is the coarse grid.
a b
c d
Fig. 3. Density isoline for the cylindrical implosion problem: (a) t = 0.02; (b) t = 0.12; (c) t = 0.16. Each isoline corresponds to a density difference of
1ρ/ρref = 0.03. (d) Pressure signal along the y = 0 axis at the same time levels: the solid line is the reference one-dimensional solution; the dot–dashed
line is the bidimensional solution.
of the similarity law and A+ and A− are the coefficients for the converging and diverging shocks, respectively. All these
coefficients can be computed in the case of the polytropic ideal gas [27].
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a b
c d
Fig. 4. Density isoline for the spherical implosion problem: (a) t = 0.02; (b) t = 0.12; (c) t = 0.16. Each isoline corresponds to a density difference of
1ρ/ρref = 0.03. (d) Pressure signal along the y = 0 axis at the same time levels: the solid line is the reference one-dimensional solution; the dot–dashed
line is the bidimensional solution.
a b
Fig. 5. Comparison of pressure signals along the y = 0 axis for the explosion problem at time t = 0.16 for different grid resolutions against one-
dimensional simulations. Left: cylindrical case; right: spherical case.
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a b
Fig. 6. Comparison of pressure signals along the y = 0 axis for the explosion problem at time t = 0.16 for diverse time steps against one-dimensional
simulations. Left: cylindrical case; right: spherical case.
a b
c d
Fig. 7. Density isoline for the cylindrical implosion problem: (a) t = 0.02; (b) t = 0.12; (c) t = 0.16. Each isoline corresponds to a density difference of
1ρ/ρref = 0.03. (d) Pressure signal along the y = 0 axis at the same time levels: the solid line is the reference one-dimensional solution; the dot–dashed
line is the bidimensional solution.
The numerical simulations are performed on a one-dimensional domain with wall boundary conditions at the two
boundaries. The initial solution consists of a uniform distribution of the density; the velocity is zero everywhere, while
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a b
c d
Fig. 8. Density isoline for the spherical implosion problem: (a) t = 0.02; (b) t = 0.12; (c) t = 0.16. Each isoline corresponds to a density difference of
1ρ/ρref = 0.03. (d) Pressure signal along the y = 0 axis at the same time levels: the solid line is the reference one-dimensional solution; the dot–dashed
line is the bidimensional solution.
the pressure has a discontinuity at the center of the domain with a value of the pressure on the outer part of the domain ten
times higher than the value on the inner part.
In Fig. 1, Guderley’s law is compared against the numerical results on a grid of 501 (1r = 2× 10−3) nodes with a time
step 1t = 10−4 for both the cylindrical and spherical problems. The numerical and analytical solutions agree very well,
even near the origin of the domain where there are strong shocks. After the reflections of the shocks, there are complex
interactions between the waves coming to the origin and those reflected that are not taken into account in the analytical
model.
The explosion and the implosion problem are now solved in the computational domain shown in Fig. 2, where a
representative computational grid is also shown.
Due to the symmetry of the solution and of the computational domain, the spherical implosion and explosion problems
can also be simulated by axially symmetric Euler equations formulated in a cylindrical coordinate system, as was done
in [16]. The spherical and axisymmetric solutions correspond to the solutions of the same problem on two different planes,
i.e., the r–φ plane in the spherical reference system and the Z–R plane in the axisymmetric one, where Z is the coordinate
along the axis of symmetry and R is the coordinate along the axis normal to the axis of symmetry. The solutions obtained
in the two representations are compared in order to assess the capability of the scheme of switching between different
formulations in a seamless way.
Initial conditions for the explosion problem are as follows. The velocity is assumed to be zero everywhere; the density
is uniform and equal to 1, whereas the pressure is uniform and equal to 10 in a circular region centered at the origin with
radius r = 0.5. In the remaining portion of the domain, the pressure is uniform and equal to 1.
The thermodynamic variables are made dimensionless by means of the corresponding value at rest (outer region); the
spatial dimensions aremade dimensionless bymeans of the radius of the domain. Velocity and time aremade dimensionless
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Fig. 9. Pressure ((a), (c)) and density ((b), (d)) contours for the implosion problem at two different time levels: t = 0.1, first row; t = 0.32, second row.
On the horizontal plane we represent the solution of the bidimensional spherical problem on the r–φ plane, while on the vertical plane we represent the
solution of the cylindrical axisymmetric problem on the Z–R plane.
by means of the square root of the reference pressure divided by the reference density; the reference time is the reference
length divided by the reference velocity.
In Figs. 3 and 4 we report the numerical solutions respectively for the cylindrical coordinate system on the plane R–θ
and for spherical coordinates on the plane r–φ, for the explosion problem. The density isolines at different time levels are
shown together with the pressure profiles along the axis y = 0. The grid is made with 39153 nodes and 77587 triangles,
and the time step is 2.5 × 10−4. A shock wave propagates towards the outer boundary of the computational domain; the
shock wave is followed by a contact discontinuity. A rarefaction wave propagates towards the origin and is then reflected
outward. Note that the initial corrugation of the shock front, due to the uneven shape of the initial discontinuity caused by
its discrete representation over an unstructured grid of triangles, is clearly visible also at later times. The pressure profiles
are compared against reference one-dimensional results for the three different time levels. One-dimensional computations
were performed over an evenly spaced grid made of 2001 nodes, which corresponds to an element spacing of 5× 10−4.
A grid dependence study is shown in Fig. 5. Pressure signals along the y = 0 axis are compared at time t = 0.16 for three
different grid resolutions: the coarse grid is made of 9551 nodes and 18745 triangles, the medium one is made of 20683
nodes and 40841 triangles, and the fine one is made of 39153 nodes and 77587 triangles. Numerical results are found to
be almost independent of the grid resolution. The time step dependence can be appreciated from Fig. 6, where the pressure
signals for three different time steps is shown at time t = 0.16 for the medium grid. The numerical results are found to be
independent of the chosen time step.
In Figs. 7 and 8, numerical results for the implosion problem are shown in the cylindrical and spherical cases respectively.
In the implosion problem the initial conditions are as in the explosion problem, where now the high pressure region
is the outer one and the low pressure region is at r < 0.5. The grid is the fine grid and the time step is 2.5 × 10−4. A
rarefaction wave propagates towards the outer boundary; a shock wave and a contact surface propagate inwards. The
intensity of the shock increases as it moves towards the origin; when the shock wave is reflected at the origin, a region
of high pressure/temperature is observed. In the spherical case, this effect is more evident.
The solutions in spherical coordinates are shown together with the corresponding solutions in axisymmetric coordinates
in Fig. 9 for the implosion problem. In order to reconstruct the complete spherical solution, the spherical and axisymmetric
solutions are represented on their own planes. The numerical solutions obtained in the cylindrical and the spherical
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reference systems are almost coincident, which is remarkable considering the different forms of both the governing
equations and their discrete counterparts.
6. Conclusions
A novel, unstructured grid, hybrid finite element/volume method capable of computing compressible inviscid flows in
both cylindrical and spherical reference systems was presented. The proposed approach moves from suitable equivalence
conditions linking finite element integrals to the corresponding finite volume metrics, such as the cell volume or the
integrated normals. No special treatment of the singularity at the axis in the cylindrical reference system or at the origin
in the spherical one are used, since the discrete form of the governing equations is in both cases consistent with the
asymptotic behavior of the continuous model. Numerical results are presented for compressible flows in one and two
spatial dimensions: these consist in the numerical simulation of the explosion and implosion problems, in which an initial
discontinuity in pressure results in the formation of diverging and converging shocks, respectively. The computed pressure
and density profile agree fairly well with one-dimensional simulations in cylindrical and spherical symmetry over a very
fine grid. The solutions obtained in the spherical reference system also agree very well with the corresponding solutions
in a cylindrical reference system where the axisymmetric condition has been used to simulate spherical explosions and
implosions.
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